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1.0 10,000.0 10,000 ]
1.0 1.0 2.0 |

1.0 10,0000 LR RIR |
0.0 [ aann 0. GhR.0

jj = OO0 0000 = [, 0008600000

== 10000 = 10,000y = 1000100000007

e R olst Sommpliter only carmies three places afier the decimnl. ‘To thiee
s Enswer iy = 1,000, x = 1.000. This, however, is not what our computer
LiF computer [irst rowmds v to 1000 and then gompsies 2 10, (00

= (), which in not even close
RRpEEbie was caused by the division by 0.0001 In our first ssep. This can be

e By b

fging the rows before dodng the reduciion
LD L0 20
LE UG 1. 1.00 |

1.l 1.1 a0
O s O hRs

O el = =] ] 1M
g el problems, many computationn algoridims rens ange the rows e

KR Feduct(on stepao that the eniry in the pivol position I8 the one of largest
_'-- i, Thin process 18 callgdl parthad pdvating. (Themeis s
i, thal dvolves rearrnging bodh rows and columng so a8 o obaln the
'_ et entry) Unforunately, even full pivoting will nod eliminate oll round-off

IRE There are certnin systems, called M=ponditdoned, that nre Inherently sen-
h-ll?.'df imsecurncies in the values of the coefficients on the right sides of the

N0 'l"'||'|_ |".'hl,-|:;|.'||

Ol B iyl Ehere an o numiber, the conditlonbng number, (hal measures
[y The condition ng number i% dlseuiwed in the cofnputor exereised o

i 1.1

me-Fade Duesilons

R ol for egel frie pintesiedir and a eodtler example for each falve stafement
B eestions, asdume thal 1 |8 the echelon form of the augmenied mistdx for o

el equaticing,

WP.EN?\'r::III-I'-!| ree unkmwna nnd T s three nonzero mws, then the system
Rkl least one solution

fRE sy stem his three unknowns and B hos three noneero rows, then the SV ELCIT]
Rea have an infindte number of solutions




a4 SYSTEME OF LINEAR EQUATIONS

3o The systemcbelov has an infinile number of solutions;
¥ Ty e

S Wb — a3 + Hip — Tu — Hy 1]

dp—dy + Ve 4w+ Bu+4 Suw=10

4. The following matrix may be reduced to redoced echelon [onm eeing arly oime

flemeptary mow fadrlutgefrJali]

i LI
0 [ I 1
LI 1 1

8. Tlee matris o guestion & 18 the coelfgient malnx Tor n consistes systam o

celuntions
Exercises

A cleeek sngrk  rext o I:'.l--l'l.'r.lr: msirher tnaicerres thar there (5 an o or g him
provided th the Answers and Hints seciion af e end of e fexr

I v ekereivite, 0F your aed gxked for o _I.'."rn".'|.'|I ||l||||'|'|'|l|'lI |'||.'. WV Er ||I|.-I|'|'..I g

Iy

CAPFERIET (N perreinglrle form T ax i e red Inddleare the spanndng o translation

VT Py
1. «'Which of the following matrlced are b échelon farm®? Which are in reduced

(@)
R o JS R S i R
s BT R B [
1 Sl R 1 Y- AR I
S S (O S R,
il
bRt Rl ek R |
sl 2 A4
0 SR | o [ 1 R |
(= |
I B | R |
v 1 4 I L
I | R
0 L 3 1 ]

2, Brng each of e matrices in BXércise 1 g are nod dleeady In egheton [orm

echelon form. Interpred epch matrix as the aupmented moinx for o sysiem of

GrLiks Cive the syslem ond general & shistian for ench Ay RLET

fa] «

(k)

g

il
L]

4, Suppose tha
of cguations. Ineacl case, wrlle the system

0 e sy stem

s gy

3. Find the reduced echelon form of =ach of the

0 1
3 -2

[ 19l
T i
1 0 3
i 3 3

= LarLal

I T |
1 SE
b 0o

1

0o b

0o o f
B

Lk r

0 Qe

i 3 [

wlerg d. &, N, and g are all nonzero

i i

] 1

.

l #
1 ]
feane Jameth




X, Find the reduced echelon form of each of

gl
i i 4!
1 U 1
L:-0d 2
[hil
B B
- G S|
I 0 2
a1 o3 d
1C) +
R 1 |
Y
(i)
| 4
d | d
i }
| ]
{f]
[% ¢]
i III [}
{g) v
ook 40
| 0 1 1
Lo 0 0
[H]
I
0 5
1 1
0o
()]

d, Suppose Lt the miitrices in Exercise 3 ur

(SRR
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the following matrices:

i)
4 3
40 |

] T
i 10
AR

| r]
i |
11 ]

o

) E
3 3
4 3

b BLISITC Noed matnces [of o sysiem

ol equntions. In each case, write the sysigm dowen angd lind all solutions (i any)

1o Lhve syslem




i SYSTEMS OF LINEAR EQUATIONS

5. Prove the consisiency of the solution to system {1:25) obtnined in Section: |
[equation (1.22) on page 33) with the solulion given in equation (1,31} on
page 500 this seciion

pHine - Imoderiving equation (131 we self = yand & = w, Acconding
to gcjuniion lddl ghe= 1 =7 & 5§ and 1w =1 In gjuibiom LAl rI"i'ﬂ.I;'l.'
Lhy 14 p 4+ & and 5 by " ond sienplify (o obtuin equation (1.22) with r
antd & replaced by v nndos’. What you have shown |s thal every vestor X

crpressthie in the

ormm given in equeation (1.31) 15 dlso expressible in the fomi

given 1o equation £1.22) You must alko prove that every vecior X expresable
in the form given in cquntion (1,220 5 also expressible in the fomm given in

I B i
equation (1311}

6, W proved thot which varables

ard pivod vanohles and which ore not does nol
thepend on how we redece the sys

teary, This is teue only il we keep the vorinbles
in Lhie snme orehes

(0} Find the pivod vaciables and the general solution for the following sysigm

R TR R T T |
I b 4 1 |

i 1.30]
oD & dy -+ dE 4 Owomd

r+ dusbhs4 lluw=l

by Salve e e juivalent avsiom shitnined by cominuting the terma ||".'-'-|'.||'|.:
e oin o each equatlsny,  Lisy e preol vartnbles and give the general

1 t |
woution I".:l:r-.'. the general solution tn e form [ TR

(21 Prova the conkistani } of Hke gxpreanons [ofr 1he |'|"|l\.'!.||'.|||'I:||!II abinined
in parts (a) snd (B) of this exeraise, (Ming Use reasaning st lar 1o Uil
aulprpresled inthe hint for BExercise 5.)

o i I{-'|'|'.|| Pxerclees b and 6e Tor the svetem obtnlsed from svstem (360 "'f.'

comuting Uie terms involving & and wo i sheh eduntion.

M, Show bt commmuling the lemms '|"""|"'|'F' round o ench edqgontion of Ayl

tem (136) doea not change Lthe pivol varlables, How can we Know, withoul

iy Turther work, it the expression (o1 the soluik

110 svsiem A0 obluined

b sodving Uils pew system will be identieal witli Wik oblnned i part (8} of

Exercise 6

9. [he following veolors nre U irnnslation veécto 1 nnd spaning yesiors Ay und

X3, obtained by wsing Cinussian eliminotion (o selve o linear system of threg

Eajiiiaans in v virtables =, I T LHI TR

1] 3 1
_ |0 L 1 . |

! o [+ 1 [+ A3
i i |

paj Which are the nonpivol vanobles? H
equation (1.28], the general soluton
Wnke oul this expression tkng th
virinhle equals rand which varinhls

(b} v Find & row recuced schelon matr
spatem having the stated translation
{there s only ons such maria, (Hing
pivat variables. Write out the gene
matrix and choose the nonser entn
friinslntion and spanning vecion lor

1 Hedo Exercise 9, using

115 Kedo Exercise 9 using the varinbles 21, .

[ B | 1 q
[} I
I gl X E L e
i {i
i L

LE: The following vectim T' and Xy ane; respe
yecloms forn AYAMEm ol [our lnear eqisabiop
nugmenied matrix Tor the svatem. (Higg
variablos, Then write the mokl peneral B
Hiving these varables os pivols, Compin
for tha general aystem with those given,)

(o]

{ “ K
1]
th)
I r
1]
r= | 0|0 6
L
| L
&)




fa} Which are the nonpivol variables? How can you leli? (Ane A rrding to
equation {1,28), the general solution (o this system s X = T+rX; 45X

Write oul this expression using the given vectory o determine which

varishle equals r and which vartable equalsa.]

rix that 19 the aagmented matris fora
nning vectors. Explain why
fanipi il and

the general form of the row redoced eche

) o Find o row reduced schelon

system having the stated translation and sp

iETE

ol varjables, Wnite on

rix and chooss (he nonzero entries so thot the staizd veciors form the
ding system.)

ml

ICABSIANON And Apanning yeclors 1or the EUTTERR

I, Hedo Exercise 9, using

Tm|0|, X=|1

wHon

if 1

I The following vectors T und Xy nre, respestively, tie sponning angs Lrang
yeclars
gemented matrlx for the sysiem CHnE: Fimg determene which g i pavol

1c

o7 i syadem of four liness equations, Wrile the row reduced form

vartables, ‘Then write the most peneral RREF matriy of s approjriide e

¢ the apanning and Tanslifion vectors

!'.I'rl!lg.! thess varinblon as pivoEs o

fup the general system with those given,)

(LR
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SYSTEMS OF LINEAR EQUATIONS

In Exampl

F Wy .
2 e monzere entmes of the iranslition veelor are the same s the

neEErs entnies of the last colume of 1the row reduced echelon Tamm tal Whal
dielermines the posibions of (s 0 entries? Explain how, in e

. ril, to determimne
i 1 wIL e 1.t he Ined = T . |1
e ransiohon veelor irom the losl eolumn of the reduced selielon Torm & of

the system together with a know ledge of the positions of the pivot varinhles

i . i X “ [ wFlup g+t ¥ 4 1
l-"IJ."i|I|-III- how 1o determine the ¢ nirves of the kih SEiing vector in lerms of

the entries of the colamn of R comesponding to the kth nonpivet
Hemuark

ranslation and spanning vectors uniguely determine the row reduced echielon

varnhle

. i g o
Exercises 9 - 13 demonstraiz Specilic mstances ol the result thnt the

[ ihe augmented matnx for e syatem
I of Theorem 4

I!Il'- result 18 e hiisis of the

e of your engineers wrote 0 program to solve systems of equations ising
Linssin elininaiion, Inoa’
answers for the spanning vector T and the translation vectors X5 and X5, Yau

immediately knew that the program had an error in 1L How? (Hini: Wrte (e

suppreseed penernl solutlon to his system anc ottempt o declde which are ihe
NOm YO wirinbhles ]

[ | [ 2
) il X=E] X :
11 1 11

1 e [ LS i it
A linear system s omopeneous I5each of the eonstinis o the rlght slde 6l
ench equation |s De=that ix, the numbers f in the system {1.9) on page-27in
aectionl, 2 are all iy, What enn vou éonelude from the miose inkiowng thearem

about a homogeneous aystem hal has fewer equations than unknowns?

1 AT 591 ]
In ench of the folowing syatems, find conditions on &, b, and & for which the
sy slem has solulions:

(i)
¥ ol S v M
i i = 2 i)
1T -'r_L, + 4
|||i
i dp 4 4z i
z AT S | [
—F=I+ 2 = |
L) o
4z — 2y + 3z 4

i cade, the progmum produced the following §

17,

18,

a0,

Ll

[
[t

Find condinions on o, b, ¢ and d forwhich the

e du4 e 3

qe by =1

13z + Sy —dz 4112
12z + g — =+ 13

The coefficien) mnatrix {4 sugmented matng
pyatem dn Bxercike 16a s the matrix A belo
where Ay are the rows of A. O the ather han
& Al which |
Explnin Uaks “cotncidence.” (Ming: Compudo |l
second equations 10 the svslem in Becie 10

this svatem 18 crjulvlent o c =

relationship between e rows of the coallicke
canchtions [ e svsiems o Laerdises Vb an

|
d

i
| :
i \

Show thind the eonslviency condliyons ol
in Lerm ol hnoer combanations of the rows &

e, (usl ki in Bxerciee |8

¢ You are given n veetor B oand veciom Xy 0
i L spnmof tee X By pliamipting be solveihe
F1.A
(a) B=[3,2, 1" X, =[1,0,=1}". Xs =]l
By n;
(6 B=[3; 31" X

I s veclor spiee, we sty thal SREHRLD ularses ofy

veelor in the space may be wrillen as o lineapd
Show thal the veciore X R T

alviwy et (e eqqiuniion [a, &) R

13, 1.5, Xy =

LLor Al casinoe

¥ Show thin the veetom A
ao ol Apan i

3
malicsn ol therm

By Bincling 4 &

Prove thid i conskstent svstem of live AR
tnfinite number of solutions i wnd onldy 1L Ehe
pugmienied mairx has af least ope row of eeros
al nonpival yarrablesan the echelon [om,

Prowve thind & consisent '.:.'=.I|':|: ol n epus

infinite pumber of solutions [ and only iF ke




e

s
L&

hi B Bl conditions on a, b, ¢,

Tl

LT} = '.
ne 1y |
al Jzds gk Rz dur
=5, 13z + &y =<k 12w
o 122 4 10y = =+ Ldu

K The coefflcient mupirix (the pugmenicd mnrex wathe
gisiem in Exercise 16a {s the matrix A below
ows of A U

thiz sysicm is cquivalent oo

whese Ay are the

" Explnin thig “eodncidence,’
Secoa et
AT

i
mlalionshin belween the of the

1¥]

i genditionk for the sysiems in Exercises 16b and 16c
L |' | i
| | ] X
|3 § L
4

o Yian ame wvectar B oond veolors X, In eacl
! in the

i) ".'_

PIVETDN i

. ] |'|.'.',.'_"|| [1:0=1]
B [ byel's X1
11", A AL

L)
Wy

Ina vector space, we any Lhnt o particular se

SEE(Or 10 LIE space may be

X [ 1.5

i
¢ Show that the veclor

v
I

writien ua a linear comb
i and Y i1

A

Shew thnt the

show Bluil thie edpelicin i

3,1, 51, X3

oy naf wpan H e fbacling o vector thal ennnot be ¢

Frove (il n ¢

maElsiEnt AyAfem ol e equn

mented matrx ling sl lens) ome row o 2Eros

winpivol viiriables i e echelon omm. )

Prepve (hal o consigtent sysiem ol 1o cguillions in

lutioms 1] and ofiy

LISEIAN ELIMNATION

the ollver linnd, the )
a = b, wliteh 18 essentiilly the sume eqiation
Hint: Cf ke thie 8iif

0 Sherw chint the conslsienoy conditions found in B
& teeetid o Docwr combinations of the rows ol the
sSaErn, sk s an BUxercine 1M

.|'-.|:|_||-

1 ol e X by ibleary g 19 wodve thie edian

ination of the gives

2. 1,4]% and X3 k)i
LA RIELTTE

f wolutiona L and onlv il the row reduced eehelon (o

&3

vk 108 last coliiirii) [or the
Aj 4+ 24

12 fd1Aak .'|.|
mELElENCY

[

i of the (st and Dadce the

onsin the svslem 0 Hrercise 1600 Check thot there s o sirmliig

coefficienl mintrteey wivd the consfsiency

cine 17 aro expliunable

clde whether I i

ton H L R R

enains Lhie S I every

'.'!I npran £, Sneclllc .'.::'._

§ NMFIELT CLFiEE

s unknowns w08 hye an

i 0l L

{Hine: 'Think ahout the nimber

n whknowns swill have an

riw reduced echéalon [orm ol (he




a4

2,

=
7

2.

29,

K} |

"This exercise is

SYSTEMS OF LINEAR COLATIONS

aupmenied matry hos at least one row of zeros, (Hig Think about the naimks

CAlelon (0TI

v O poasible reduced echelon form of nnonzero 2 =
What are the other possibilities?

2 motrix s shown below

4

1
0 o

[IS—

Cne possible reduced echelon form of @ nopzern 3 = 3 mainx 5 ahown belog

- & LB
T b
[ 1S |

Whot are the otlver paoesibiliies?

, Prove thit the set of ndseers rowd ol any matris having the formm of the lefmuitns

in P 17 iw diiearly independent. (Hine;: See the bt for Exercise 1§

ol page 17 I Section 1.1.]

Hepenl Bxercisn 27 for o mintvix af the formeshowsm on the right in formiala (120

on page &7

What genernl fenture makes 0 ¢lenr thay in any motrex in row reduced echelos

Iartt., the s of honsero rows I8 Hiearly ||uI-_"|'-_'|'u_!|_'||'. 4

I wou Bagin with n 5 = 3 menerix ond row eeduce untll echelon fomm 15 obained

16 o0 poakslle WAl il e rosvk al the ecleloay (o are nomeerdtT I pnod, whil

i the sminllest number of earo rows you can geil? Bxplain, Gile (F possibl]

examplis of b s 8 milneen in echelon fomm thal represcit (@) am ineonsislesl

wyklem, (B0 0 avsten with exiotly one solution, (e} a iyatem with exncily fw

solutions, and (d) a sysiem wdih an infisnlie mamber of saluticns

< L0y diear aysbem, Lhe last column ol e .|l|!'|.'._'-.||-.| matrix 18 cnlled ke

“werlor Of constanie,” while the metms Gbhtwned feom e aupmented mntia

by deleting the last column is called the "coefficlent™ mairis, For example, i

Esergise |6a, the vegior of constonts is ja, b, |’

i Lhe plght sides of e giknbions i (s sysbem vl U

which 15 the vecior formed
from Ahe consianty

[n applicntions, it olten hnppens that the coefficient mumx remalns Hxed wihile

1ve vector of conatanls changes per wilcallv, We shnll sy thit the coellolen

miagriy Js “nondtngulac 1F there 19 one and only one salution to the sysiem

regindiess of the valuoe ¢ [ 1he veeior ol comsinnia

intended =5 g preview of the meenitlily mas B odladuseed Im e )

33, Suppose that ad = be=

st
e
v

{n) Is the cogfficient matrix for Ihe Systeam i
plaim.

{h) Suppose o given sysiem has three edus
nonsingular cogfficient matnx Digstrl
augmented matns a8 expliciily as posst

L

Can oaystem with two equations and thr
coelficient matnx)  Explait 15 (eFms
syslem

Can asystem wilh four equations gnd i
coeflicienl moina™  Explan, in (s |

Sy RLCIT

{d]

Con o sysbem with o nonsqeane ooefh
r|'-|_'-|:'|-;'|-.:||’. matrix!  Bxplabn in terms
Nyatem (A Macpinng matria" 18 one that
eo ks, |

Shave that fhe b

dependent . .
|
A y

]
Y

< I Ul [l leving SyRiEIm, s RE 5 anye
gl one] cholee of 2 anid w at solves e 5

i porametnc [onm using o nnsl [} H& {noe var

Cun oz and v be sel nrbitrarly 6 this systen

yililes. )

i =

J R e

Couniing Flopss A rough mensure of the
take to do s ceriain sk 18 the el member
and /) roquired. Eachxsuch operntion {8 calle
Thi: next eaercibe shows that 1 requires af m
1 wolve & syatem of n equalions (i upkng
unknowns, the solitbon could require 5,500
GRI.E50 might be required. Such lurge sys
Yreal-world” i||'-il'.|.'.'|l.|.'ll'.'..

AE. Lot A bean i = (m-+ 1) matrix whise row red

FIWA
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{8} Isthe coefficient matrix for the systemm in Exercize 160 nonsingul

mlnin

(h) suppose a given system bas three éguationk in three unknowns with o

nunsinguelar eoeflicient mateix,  Deseribe the row
AL

allgiienlad matrx &8 explicilly os possibic.

e} Lann syElem with b cqualicons and three onknowns have a .'I.-I'-'.II':;-_'.l:.=.|

coefficient matnx?  Hxplpan in teemis of the row redoced form o

8 IHe
5 sl

{d) Can o sysiem with four egquntions and three unknowns have o nonsing

lerms of the row reduced form of the

eoefficient matinx?  Exploin o

e
el Clan & systein with o nonsgunre coefficlent max have a nonsingala

coefficient malra? Bxplan ap tenps of ihe row reduced form of the

syaiedtl. (A ".._i'|..|- mntra’ is one that hos the same number of mowe as

CORATNER. 3

stpposd thot ad = be {1, Show thut the rows of the matrix A are lineady
depenibent

o I the Tollowing systam, show thot lor apy chotee of z and g, there isoone (and

anlv oped chodee of 2 ond w that wolves the syatem, Write the genernl solution

i phrameirie fomm using = and goas free varnbles

Can o nnd N e ser arkn .||:!:. i this syvaem? ¥OL ang Nal supe, Iy n few

yalues, )

Countlng Flops: A rough messure of the amosnt of tme s conipiler will
fnke b do i eerlnin thsk 18 thi lotnl number of jlgebrie operatlons (4, =, =,
nd [} required, Ench such operniion is called o flop (foating point operation,)
Ihe noxt exercise shows that it requires nt most 2n? /3 4 3n /2 = Tn /6 flops
iR Ta] 15 systein of i equations In n unknowns, Thus, Tar example, with a1
anknowng. the seloton could require 5,510 Hexpun, while with 108 unknowna,

GHE S50 might Be reguired, Such lurge systems e pnod ab oll wpoommaon

“real-world” spnlications

A8, Led A be gim % [+ 1) matnix whose row reduced echelon lopm hns no nopnzero

W




