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6.4 The Gram-Schmidt Process

FIGURE 1  Construction of an
fithogonal basis {v), v},

The Gram—Schmidt process is a simple algarithm for producing an orthogonal or or-
thonarmal basis for any nonzero subspace of B". The first two examples of the process
are aimed at hand calculation,
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EXAMPLE1 [eatw = Spanix;, x:}, wherex; = {GJ and x» = . Construct an

a bl —

orthogonal basis {v,, v} for W,

Solution  The subspace W is shown in Fig, I, along with x|, x». and the projection p of
X2 onio X The component of x» orthogonal to x; s X: — p.owhich s in W becanse it is
formed from xs and 2 multiple of x;, Let vy = x; and
XatX)
¥2-= Xn P Ry
X|X|
1 il [o]

=1

Then {v, v-}is an orthoronal set ol nonzero vectors in W. Since dim W = 2 Iy L ¥alis
TR g LY. ¥a

b |l =
=l

a basis for W. = 1
The next example fully illustrates the Gram-Schmidt process. Study it carefully,
1] 0] [0
S | I 0 e
EXAMPLE2 g x, = (P | [hxa = NE Then 1x;, %2, x5} is clearly
I

L L]
liearly independent and thus is a basis for 4 subspace W of [, Construct an orthogonal
basis for W,
solution Step 1. Letv; = x; and W, = Span {x,} = Span{v,}.

Step 2. Let 2 be the vector produced by subtracting from x- its projection onto
the subspace Wy, That is, let

¥2 = X3 — Projy; Xa

KXW,
= Xy = ——W; SINCe ¥ X
¥ty
o 1] —3/4
| w0 gl /4
— 4|1 |,f4J
|1 | |1 1/4

Asin Example |, va is the component of x; orthogonal tox; and {¥|, vs}isan orthogonal
basis for the subspace Wy spanned by x; and x.,




I

Step 2° (optional),  [f appropriate, scale v o simplify later computations. Since
vy has fractional entries, it is convenient to scale it by a factor of 4 and replace {v}, ¥z}
by the orthogonal basis
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Step 3. Let vy be the vector produced by subtricting from x5 its projection onto
the subspace W, Use the orthogonal basis {v;, ¥3} to compute the projection onto W

Projection of Projection ol
CHIEr ¥ Ty (ALY W5
| |
'x:-‘rr
+ Pt 2 [}
PTOJye. X3 = i 2
. Vo ¥y
1 —3 ]
24 1 2 | 2/3
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Then vs is the component of x5 orthogonal to Wa, namely,

{ ] " 0
0 273 | _ | —2/3 '

Yask e Nroy e = i e 2480 = 1/3
1 2/3 1/3

See Fig. 2 for a diagram of this construction. Observe that ¥ is in W, because %
and projy.x; are both in W. Thus {vy, v3, va} is an arthogonal set of nonzero veclors
iand hence a linearly independent set) in W, Note that W is three-dimensional since it
wis defined by a busis of three vectors, Hence, by the Basis Theorem in Scction 4.5,
%1, ¥5, ¥ai is an orthogonal basis for W,

1
W, =Span{v,, %]

FIGURE 2 The construction of v from x:
and W,
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The proof of the next theorem shows that this strategy really works. Scaling of
vectors is not mentioned because that is used only 1o simplify hand caleulations.

THE CRAM—SCHMIDT PROCESS

Given a basis {xy, ..., "'p] for a subspace W of B", define

¥ = X

X%
et = ¥y

Y'Y,

X3V X1°¥a
¥i=N — ——¥ — ¥3

2 YV Va*¥a

Xp*Y) Xp*¥a2 Xo " ¥p-1
Vo= Xp— oy — 2y, — e — TPl
¥iv Y2 ¥a ¥p—1'¥p=|
Then {v,.... v,,} i an orthogonal basis for W, In addition
Span {¥y, ..., Yt = Spandx..oox.) forl=k=p ()

Proof Forl =k=p, let Wy = Spani{xy,.... xpk Set v; = xq. so that Span{v,} =
Span iX; 1. Suppose that for some & = pwe have constructed vy, . . ., v; so that (Ve Vi)
is an orthogonal hasis for W, Define

Ve = Npsi — DI0fye Xpi (2)

Note that projy, X+ is in W, and hence also in W, . Since X is in Wy, 50 is
vi-(because Wi . is asubspace and is closed under subtraction). Furthermore, v, = 0
because X is notin Wy = Span {x;, ... x¢h Henee fve, o0 v i is un orthogonal set
of nonzero vectors in the (& 4 1)-dimensional space Wi . By the Basis Theorem in
section 4.5, this set is an orthogonal basis for Wy, Hence Wy, = Span{v,.... v,k
When k + | = p, the process stops. I

Theorem 11 shows that any nonzero subspace W of B has an orthogonal basis,
because an ordinary basis {x;, ..., %} is always available (by Theorem 11 in Section 4.5),
and the Gram-Schmidt process depends only on the existence of orthogonal projections
onto subspaces of W hat already have orthogonal bases,

Orthonormal Bases

Anorthonormal basis is constructed i_‘u:-iil_l.-' from an urli]uly,}m]] basis{viioo "'.'-:'-' Simply
normalize (e, “scale™) all the vi. When working problems by hand, this is easier than
normalizing each vy as soon as it is found (because it avoids unnecessary writing of

SUQUANE ToOLs),
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"EXAMPLE 3

In Example 1, we constructed the orthogonal basis

_1" [0

An orthonormal basis is

QR Factorization of Matrices

I an m < matrix A has linearly independent columns x,, ++ Xy then applying the
Gram=Schmidt process (with normalizations) t x;, ., ., X, amounts 10 facionine A as
deseribed in the next theorem: This factorization is widely used in computer alzorithms
for various computations, such as solving equations (discussed in Section 6.5) and
linding eigenvalues (mentioned in the exercises for Section 5.2).

THE QR FACTORIZATION

IT A'is an m > matrix with lincarly independent columns, then A can be factored
as A = OR, where @ is an m = n matrix whose eolunmns form an orthonormal basis
for Col A and R is an nxn upper triangular invertible matrix with posilive entries
on its diagonal.

Proof The columns of A form a basis {X1..... X} for Col A. Construct an orthonormal
basis {uy, ..., u,} for W = Col A with property (1) in Theorem 11, This busis muay he
constructed by the Gram-Schmidt process or some other means. Let

O=[wy w -+ u,]

Fork = 1,....n x; isin Span{x;,..., X¢t = Spanfuy,..., u.}. So there are constants,
Ty iy Fesuch that
X = Fly ot rguy + O lga + 000 + Oou,

We may assume that ry, = 0. (If Fei = U, multiply both i and o, by —1.) This shows

that x; s a linear combination of the columns of @ using as weights the entries in the
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velrlor
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= Fid
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Thatis, % = 0rgfork = ... onblet® =|r; +++ ry] Then

A=[x; =+ x]=1@r; -+ Or,]=0R

The fact that & is invertible follows easily from the fact that the colunins of A dre linearly
independent (Exercise 19). Since R 15 clearly upper triangular, its nonnegative dingonal
entries must he positive, i

00

I

= . . o) : 1 |
EXAMPLE 4 Find a QR factorization of 4 = i : I

I I

Solution  The columns of A are the vectors X, X2, %3 in Example 2. An arthogonal basis
for Col A = Span {x;. X2, X3} wis found in that example:

1 3 0
S 1 _ ; 1 . D/3

1 I /3

1 I If.‘-J
scale vy by lettling v; = 3v3. Then normalize the three vectors to obtain u;, us, us, and
use these vectors as the columns of

1/2 =3/3/12 0
| 2 /12 =2/4/6
- /2 1/12 1/4/6
/2 1/V12  1/\/6
By construction, the first & columns of € are an orthonormal basis of Spanfx;..... xuh

From the proof of Theorem 12, A = QR for some K. To find £, observe that Q0 =1,
because the columng of @ are orthonormal. Hence

O0A =0 OR =IR=R
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6.4 EXERCISES _

In Exercises 16, the given sel is a- basis for a subspace
Use (he Gram-Sehmidi process o produce an erthogonal basis

for W,

[ «| 3‘:--|

5

and
1/2 1/2 1/2 1/2 [r o “]
R 3/4/12 1;\?. 1/\/12 l,f\.'_ﬁ : 'l ']’
L 0 2/4/8 VAT 1/4/6 Ty |J
[1 3/2 B )
= |0 3 41 212
Lo 0 2//6
_ iy
NUMERICAL NOTES

1. When the Gram-Schmidt process is run on o compuier, roundoff crror can
build up as the vectors u, are calculated. one by one, For f and & large bul
unequal, the scalar products nfug may not be sufficiently close to zero. This
liss of orthogonality can be reduced substantially by rearranging the order
of the calculations.! However, the QR factorization is usually preferred to this
modified Gram—Schmidt method because it yields a more accurate orthonarmal
hasis. even though the fuctorization requires about twice as much arithmetic.

2, To produce a QR factorization of a matrix A, a computer program usually left-
multiplies A by 4 sequence of orthogonal matrices until A is transformed into an
upper triangular matrix. This construction is analogous to the left-multiplication
by elementary matrices that produces an LU factorzation of A,

PRACTICE PROBLEM
| 1 I 1/37
1 /3 | . Construct an orthono-
2/3

Let W = Spanix;, x:} where x; = [ I | and: Xz =
1]

mal hasis for W.

W,

'ee | |.l.l.|_|'..|_l.'.'||_'..'.". of My Cos

I G718

ettty by Thavid 5; Witking (New Yiork: John Wiley & Sons, 1991 p
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T Find an orthonormal basis of the subspace spanned by the b 1P % is not in a subspace W, then x = proj, x is not zero,

Rt e ¢ Ina QR factorization, soy A = R, the columns of {2 form
& Find an orthonormal basis of the subspace spanned by the an orthonormal basis for the column space of A,

vectors in Exercise 4 19
Find an orthogonal hasis for the columm space of each matrix in

Exeroises W-12.

Suppose that A = R, where O s m 0 and # im0, Show
that if the columns of A wre linearly independent, then & must
be invertible, [Hine: Study the equation 8% = 0 and use the

I —5 I '| =1 6 6] fact that 4 = QR
i TE 3 -8 3 e i L :
9, e e 10. : 55 2 20 Suppose that A = OR, where £ 15 an inverible matriz. Show w4
3 = ; | -_I _.. thit 4 and (2 have the sume column space. [Hing: Given ¥ in -
= i G S Col A, show that ¥y = (X for some x, Also, given vin Col {1, |
o] S 3 &
I < - | = show that v = Ax for some x|
=1 I —4 =il =3 1 4 S ; -
I | 4 £ 12 0 o 1 21, Given'A = OR a3 in Theorem 12, describe how 1o find an |
= 9 | % z orthogonal e (square) nudirix 4 and an invertible nn i
| . I | & o upper wigngular matrix & such thal | .l!
2 B
. - ! : R
I Exercises 13 and 14, the columns of @ were obtained by apply A=0; |
ing the Gram-Schmidt process to the columns of A, Find an upper Fu
trangular matrix £ such that A = OR. Check your work. The MATLAB gr command supplies this “full”™ QR fuctor- .
r 5 97 r 5/6 14671 ization when rank A = n.
) = | 7 P L6 .'TI_.-"'f'l 22, [M] Use the Gram—5chmidt Process iy in rf,lr_:_|_|['|!'|||_'- 2ta prie-
SHi b | i/6 /6 duce an onhogonal basis for the column space of !
; E P
| 5 | /i 376
: o [==100 13 7 -||]
il 37] [=2/7 5077 p. 5 =] 3
e R 0= S/T 247 A= 6. 3 13 -3 |
= 2= | 2T —47 I —I16 2 5
[ 4 6] | 477 arr| N
15 Find a QR factnization of the matrix in Exercise 11, 23, M) Use the method of Example 4 to produce 1 QR factor- 1
- 5 i - i i . . 3 AFEIW - A ] pw T
16 Find o QR factorization of the matrix in Exercise 12, tzation of the matrix in Exercise 22,
I Exercises 17 and 15, all vectors and subspaces are in 7Y, Mark 24 IM] E“! A T PIOR T, ”H’L”,l'm .hL“m““ B mi.m
each statement True or False, Justify ench answer betler with orthonormal vectors, Starting with X, .., X, as in
3 Theorem 11, let A = [%; - x| Suppose that ( is an
17, 6. IF{vy, vz, va) isan orthogonal basis for W, then multiplying ek matrix whose columns form an onthonormal basis for
¥3 by a scalur ¢ gives a new orthogonal basis (v, vs, eva ), the sulspace Wi spanned by the first & columns of A, Then |
b, The Gram-Schmidt process produces from a linearly inde- for x in K", 00" x is the onthogonal projection of x onto W,
pendent set {x;, ..., X, Fan orthogonal set dv;, ..., v} with (Theorem L0 in Section 6.3}, If x;; is the next column of 4,
the property that for each k, the vectors vy, ... v, span the then equation (2 in the proof of Theorem 11 becomes
same sitbspace as that spanned by %, ..., x,. Vst = Xpp) — 0 %)
1

e I A= QR where € has orthonormal columns, then
k= 0%

I8 o 1T W = Span {x, %, x4} with {x;, %, x;} linearly indepen-
dent. and if {v;, v2, ¥4} 15 an onhogonal set in W, then
%1 ¥a: valbis & basis for W

{The parentheses ahove reduce the number of anthmetic aper-
ations.} Letwisy = v/ llves . The new @ for the next step
is [ wpe ] Use this procedure to compute the QR factor
ization of the matrix in Exercise 22, Write the kevstrokes or
I.'Hf]ll['l:l[l.l.j_\ _'_-'HIJ use,



